T l I E present state of our knowledge of the tides is remarkably at variance with the complete and scientific character which Physical Astronomy is, in common opinion, supposed to have attained. We may, perhaps, most easily figure to ourselves the real condition of this subject, by imagining what the condition of other branches of astronomy would be, if some great natural or moral convulsion should sweep away our existing science, and replunge us in the ignorance of the dark ages, leaving extant only a few general notions concerning the theories which are at present established. In such a state of things, we may suppose that some tradition of the doctrine of uni versal gravitation would survive the change, and that learned men would still go on asserting that the various astronomical phenomena of the universe were owing to that cause; but the resources of mathematical art being, for the time, lost, they would be unable to prove the truth of such assertions : and, both the collected stores of obser vation, and the habit and apparatus of observing, being, in such a case, supposed to be annihilated, it would be long before there would arise persons able and willing to supply such deficiency ; the more so as those who might make such collections would have still to seek for the mode of turning them to any use. If, in this state of things, a few persons should, by their own sagacity and labour, or by the aid of some tradi tionary secret, attain to the power of predicting phenomena with tolerable correctness, we may imagine that they would use their peculiar skill for purposes of gain, and that they would not readily admit the world at large to the knowledge of the secret which gave them a superiority over the rest of their countrymen.
Our knowledge of the tides, at the present time, exactly realizes this imaginary condition which we have supposed for astronomy in general. Our philosophers assert, without hesitation, that this phenomenon is the result of the law of the universal gra vitation of m atter; yet no one has hitherto deduced, from this law, the laws by which the phenomena are actually regulated with regard to time and place. Analysis has been largely used ; but it has been employed only to deduce the consequences of cer tain assumed suppositions, which suppositions are acknowledged to be utterly different from the real state of the case: and where is the immediate advantage, for the purposes of sound philosophy, of analysis which does not solve the problem proposed, over no analysis at all ? Some observations of the tides have no doubt been made, and more are now making; but it is not too much to say, that these are only a commencement of the collections which the subject will require, to place it on a par with the other provinces of physical astronomy. The laws which connect the course of the observed tides with the motions and distances of the sun and moon are not known for any single port; and the tables, which in every other province of physics are the result of the knowledge which our men of science have accumulated for us, are, in this department, published by persons possessing and professing no theoretical views on the subject; and the methods by which they are calculated are not only not a portion of our published knowledge, but are guarded as secrets, and handed down as private property from one generation to another*.
Of course it cannot be intended here to speak with any disrespect of the persons who have calculated tide tables under these circumstances. Their labours are useful to the community in proportion as their tables are exact, which some of them are to a very remarkable degree. And, as no one thinks of condemning other persons who make a profit of any peculiar and secret knowledge which they may possess con nected with any of the useful arts, there would be no justice in blaming those who do the same with respect to secrets which concern one of the most important arts, namely, navigation. But the circumstance most worthy of remark is, that there should he secrets in such a m atter; that on such a subject our men of science should be ignorant of, and unable to discover, that which persons of much less elevated pre tensions know and apply ; that the laws which are to be collected either by the observation of facts, or by the deductions of theory, should not be known to our phi losophers by either method, and yet should be in the possession of other persons, to a considerable extent. This circumstance makes our knowledge of the tides assume the character rather of a mere practical art, than of a portion of that complete and perfect science of which the other consequences of the law of universal gravitation supply examples.
Some persons may conceive that, in what has been said, I am disparaging too much the labours of the great mathematicians, N ewton, B ernoulli, L aplace and others, who have employed their skill on this subject. But this opinion cannot, I conceive, be maintained with justice. It is well known that all the mathematical solutions of the problem have confessedly gone upon suppositions very remote from the real facts: N ewton and B ernoulli, for instance, have assumed the form of the fluid spheroid, under the influence of the sun and moon, to be the form of equilibrium : L aplace has supposed the whole globe to be covered with water of an uniform depth. It is in no degree clear, that investigations conducted on such assumptions will give us even an approximation to the true result; and the only way in which the assumptions could be justified, would be by our finding, from observation, that the laws of the facts are such, or nearly such, as these hypothetical calculations give. If this agreement were established, it would then, no doubt, become highly probable that the simplifications hypothetically introduced into the natural state of things were not such as materially to alter the general course of the phenomena.
But this has not been done by any of the theoretical writers above referred to. Un doubtedly most of them have undertaken to show that of the known laws of the facts are accounted for by the theory, and that the measures of some of the phe nomena agree with those which theoretical calculations give. But this has been executed only with respect to a few of the circumstances of the case. It has not been shown, by any writer, that the general course of the effects produced upon the tides, by the changes of position and distance of the heavenly bodies, is such as, according to the mathematical reasoning, it ought to be. In short, the mathematicians who have treated this subject have not completed their task by giving rules for the calcu lation of tide tables, and showing that the tables so produced agree with the general course of the observations in all essential circumstances.
The task just mentioned would consist of two parts ; the theoretical deduction of the effects produced in the tides by changes of distance and position of the sun and moon ; and the examination of the laws which such changes appear to follow in the observations ; with a comparison of the two sets of results. The latter part of the task had not been executed, so far as I am aware, by any one, previously to Mr. L ubbock's discussion of the Tides of the Port of London, inserted in the Philosophical Transactions for 1831 ; and that memoir is hitherto the only published record of such an examina tion. The establishment, on theoretical grounds, of rules for the calculation of tide tables, has been attempted by B ernoulli and by L aplace. The methods recommended by the former are probably the foundation of those at present used by the calculators of such tables. The method of L aplace is complicated, and would be very laborious in practice. He has unfortunately, as appears to me, not put his process in such a form as to give a principal term, with smaller corrections for declination, parallax, and other circumstances if necessary, to be combined with the principal term. When the results of such an investigation are not made to assume this shape, the comparison of the formula with observation becomes a work of very repulsive labour and trouble.
It has already been stated, that some of the published tide tables are found to be not very incorrect when compared with observation. If any tide tables were so good that they might be considered as representing the general laws of the actual pheno mena, we might discuss such tables, and compare them with theory, in the same manner as if they were the records of observation ; and with this additional advan tage, that they would be free from the effect of the accidental causes, as wind and other circumstances, which produce irregularities in the actual tide. Nor would it be difficult, by such a discussion, to discover the rules which are followed in the con struction of such tables.
It may, however, be doubted whether there are any tables which are worth this trouble. Original tide tables are very few : I know of none except those which are published for Liverpool, and those for London. The former are remarkably exact; they Of London tides several, apparently independent, tables are annually published; and though the differences of these are considerable, I do not know that any one set is considered as possessing a decided superiority in the general result. I am not aware that any tide tables are published for Brest, though so large a collection of observations has been made at that port, and though so much labour has been employed in the discussion of these, for the purpose of comparing certain points of L aplace's theory with them: nor have, I believe, tide tables for any place been calculated according to the method recommended in the Mecanique Celeste. The method generally practised in England for the construction of tide tables for other places has been, to take the time which is stated in the London or the Liverpool tables, and, if necessary, to add or subtract some constant quantity, according to the place. The Liverpool tide tables are in this manner used, generally without correction, for the whole of the north-western coast of England: and tables are published pro fessing to give the hours at most of the principal ports of England, in parallel columns; the hours at different places having constant differences. Thus the hour of high water at Plymouth is stated as always l h 55m later than the hour in the same half-day at London. This assumption of a constant difference in the hours of high water at dif ferent places is, however, inexact; as we should expect it to be from considering the mode in which the tide is transmitted from one place to another, and as it appears to be from observation.
It appears, therefore, that the most promising mode of advancing our knowledge of the tides, is to examine the laws which can be collected from observation, taking so great a number of observations, that the effects of all accidental causes may disappear in the average results. The collection of observations discussed by Mr. D essio u, under the direction of Mr. L ubbock, affords us an admirable opportunity for this examination; the collection including 13073 observations, and a period of nineteen years, from Janu ary 1st, 1808, to December 31st, 1826. Our object in this examination being to ascer tain the manner in which the positions and distances of the heavenly bodies affect the time and height of high water, the mode of proceeding must be to examine how these two quantities depend upon the right ascension, declination and parallax of the sun and moon, and upon other astronomical elements, if such are found to be needed. The mean time of high water will be found to be affected by inequalities, depending on the elements just mentioned; and the law and amount of these inequalities may be collected from observations, without any reference to theory, (provided the obser vations are sufficiently numerous and their circumstances sufficiently varied,) in the same manner in which the greater inequalities of the moon, the variation, evection and annual equation, were detected by observation, long before the motions of the heavenly bodies were referred to their true causes. Indeed, I believe the instances are compa ratively few in the history of philosophy, in which the general laws of the phenomena have been pointed out by the theory before they had been gathered by observation. The laws of the tides, thus empirically obtained, may be used either as tests of the extant theories, or as suggestions for the improvement of those portions of mathema tical hydraulics on which the true theory must depend. And this is the way in which we are most likely to discover how the theory must be applied. The problems regarding the motion of fluids, which we are unable to solve directly, are far too numerous to allow us to be surprised that we should be obliged to desert the priori road in this case. The phenomena of waves, the motions of water in tubes, in canals, in rivers, the motion of winds, the resistance of fluids to bodies in motion, are all cases in which we are yet far from having drawn our analytical mechanics into a coincidence with experiment, or even a tolerable proximity to it. The theoretical analysis of the tides is, at present, in an equally imperfect state. It is not at all im probable that, as in many other cases, this problem in the mechanism of the solar system (for such it is) may be found in the end less complex and difficult than similar problems concerning the motions of smaller masses; but the problem remains still to be solved, or at least it remains still to be shown that the solution has been approxi mated to. I shall therefore here proceed to examine the empirical laws of the tides of the port of London, as they appear from the records of the nineteen years of observations above mentioned.
On the Empirical Laws of the Time o f High Water. The point which I have first to determine is, the manner in which the time of high wa ter is affected by the right ascensions, declinations, and parallaxes of the sun and moon. For this purpose I shall have to consider the establishment, the , the corrections fo r lunar parallax, lunar declination, and solar parallax and declination.
1. The Establishment.-The vulgar establishment of any port is the interval of time by which the time of high water follows the moon's transit on the day o f the new and fu ll moon. But it is the mean value of this interval of time which we must here employ, in order to simplify our discussion. This is what L aplace calls the fundamental hour of the port: I have termed it, in a former paper on this subject, the corrected establishment, since it is the lunar hour of high water, freed from the semimenstrual inequality. Its value at the London Docks is l h 26m, by the mean of all the observations. 2. The Semimenstrual Inequality.-The interval of tide and moon's transit is affected by a considerable inequality, which goes through its period twice in the space of one month: it may be considered as depending upon the moon's distance from the sun in right ascension; or, which is the same thing, on the solar time of the moon's transit. It has been examined by Mr. L ubbock, and shown to agree, with remarkable exact ness, with the formula,
in which X' is the mean interval of the tide and transit, and & the correct interval; < p the solar time of the moon's transit, and a a constant quantity. The ratio of the quantity h!to h is 2*9884 : 1 ; the quantity a is 2 hours. According1 either to the method of B ernoulli or to that of L aplace, there would result from the theory an expression of the above form, for the interval of tide and moon's transit. By assuming suitably the values of and u, the results of obser vation at other places may also be made to agree very closely with fhe above formula. The curves which represent by their ordinates the successive values of the above for mula, when constructed for different places, exhibit a remarkable general similarity, as may be seen in the Philosophical Transactions, 1831, where Mr. L ubbock has given these curves for Portsmouth, Plymouth, Sheerness, London and Brest. The curve is symmetrical with respect to the axis, intersecting it when < p = a, and when = a + a fourth of a circumference. Its ordinate has a negative minimum and a positive maxi mum, which are equal in magnitude; but these values are not midway between the values 0, consequently the ordinate increases more rapidly after the minimum and before the maximum, than it diminishes before the minimum and after the maximum. This property appears very clearly in the curves constructed for all the above ports. But in other respects the result of the observations, thus compared, does not agree with the theory. According to the theory, the quantities h and express the amount of the separate solar and lunar tides respectively, and as the ratio of these effects must be the same for all places, the maximum value of the semimenstrual inequality ought to be the same in all the above cases ; namely, the time corresponding to half the h h' angle whose tangent is -~= If, as L aplace finds from the Brest observa = 2*6157, the angle corresponding to the above tangent is 22° 28'; the maximum value of the inequality is 45m, and the double of this, or l h 30,n, is the difference of the greatest and least interval of the tide and moon's transit.
According to observation, the difference of the greatest and least intervals is as follows *: It cannot be determined with certainty or exactness without the use of a large body of observations. Its value at London is 2h, at Brest l h 12m ; at Portsmouth it is intermediate between the value at Brest and at London, as we should expect, being about l h 3 0 m; but at Plymouth it is greater than it is at London, which, as Mr. L ubbock observes, is at present a very inexplicable cir cumstance ; probably to be explained only by the determination of the value of this quantity for several other places.
3.
The Correction fo r Lunar Parallax.-Mr. L ubbock has classified the tide obser vations which he has discussed according to the value of the moon's horizontal parallax which existed at the time when the tide occurred, and also according to the hoar of the moon's transit, so as to form a table of double entry of the differences from the mean interval: this is On examining* this Table, it appears that in the column corresponding to H. P. 57', the differences from the mean, or corrections for parallax, are very small for all hours of the moon's transit, (ranging from -f 5m to -4m,) and that the positive nearly ba lance the negative values. We may suppose, therefore, that for H. P. 57' nearly, the correction is 0. It appears also that the correction is generally negative when the H. P. is greater than 57', and positive when it is less, the exceptions being of small amount compared with the general mass of observations ; and if we take the sums in each vertical column of Table XVII. we shall find that they are nearly as the differ ence of the parallax from the mean value 5 7 ' -It appears, th must involve a factor (Pp), when P is the mean horizontal para (or 57'), and p any other value of her horizontal parallax.
If we take any vertical column of this Table, and thus follow the correction through the various hours of the moon's transit, we find that for all values of the parallax the correction is very small, when the moon passes at 5h 30m or 6h, and that the positive and negative values in that case nearly balance each other. In each column, when the hour of transit is either greater or less than this, the correction increases with the difference of hour, and proceeds to a maximum, which appears to occur about 9h or 10h transit. As a simple way of satisfying these conditions, we may suppose the cor rection to involve the factor sin 2(<p -(3) when is a constant quantity: and com bining this factor with the one already found, we shall have B (P -sin2(p -(3) for this correction in minutes of time.
It appears that in order to give the maximum value of this correction when it occurs at about 10h, (3 must not be much different from 4h. In order to determine B, take the formula B (Pp )s in2 ( < p -(3) for e 2 B (Pp ){ sin2 7J° + sin2 15° + sin2 2 2 + sin2 30° + sin2 37J° + sin2 45°+ sin2 82J° + sin2 75° + sin2 67i° + sin2 60° -f sin2 52J°} = 11 B (P-_p). Comparing this with the sums for H. P. 54 ', 55', 56', 57', 58', 59 ', (the other columns being incomplete,) we have,
Hence, taking the sums, 99 B = 595, whence B = 6, and the expression is 6 (P -p)
This may be put in the form 3(P-p)(l -cos 2 (d -4h) ),
The agreement with the sums observed is as follows: And on applying this correction, the residual quantities are, with one or two excep tions, within the limits + 4m and -4m.
.
The Correction fo r Lunar Declination.-In Table IX . of his Memoir, Mr. L u b bo ck has arranged the intervals of the time of tide and moon's transit according to the declination of the moon, taken for every three degrees; and in Table XIX . he has given the difference of these intervals from the mean, arranged according to declina tion and time of transit. On inspecting this Table, it appears that this difference from the mean, or correction for lunar declination, is, for all values of the time of transit, 0 when the declination has its mean value of about 16°, positive when the declination is less, and negative when it is greater than this. The correction for a given declination, as shown in the vertical columns, is not constant, but it appears difficult to determine whether the variations are accidental or are the consequences of the form of the correction. Till we have better data, I will neglect these variations. Taking, then, the sums of the vertical columns in Table XIX ., we find as follows (the sums being expressed in minutes): It is tolerably manifest that these sums decrease faster for the large declinations than for the small ones; and we shall probably see the law more clearly by referring the correction to declination 0° than to the mean declination. For this purpose subtract from each sum the correction for declination 0°, and we have It appears that the numbers here are not very remote from the ratio of the squares of the sines of the declinations. In fact, if we take the formula -3168 sin2 & , we have
27°-654
which may pass for a first approximation to the observed result, when it is considered how much the errors are increased by addition. Dividing by 24, this gives -132m sin2 £ for the correction to be applied to each result calculated for declination 0. When $ is about 16°, the mean value, this correction is l l m. Hence 1 1 -132m sin21 is the correction to be applied to the mean value. This gives us the following Table, which is a first approximation to Which agree nearly with the observed results, with sufficient accuracy.
We may observe that the expression 11 -132 sin2£ is 0 when sin2& = -or l = 16° 45r. This is the mean value of A, because the correction is applied to the mean. Therefore the expression is 132 (sin2 A -sin2£).
In each vertical column of Table XIX., the value appears to be greatest and least when the time of the moon's transit is about 7h and l h. Hence we shall take the correction given by the above formula, and try whether the residual , after this correction has been applied, is governed by any fixed rule.
For this purpose apply the above correction with an opposite sign to Mr. L u b b o c k 's Table XIX, The numbers in the columns are minutes.
T a b l e XIX. freed from the Term 11 -132 sin9 S = 132 (sin9 A -sin9 §). From the changes of magnitude and sign, it appears that each vertical column of differences may be represented nearly by a term A sin 2 (<p -y), being the hourangle of the first column, and y a certain other angle. Also it appears that in each horizontal line, A passes from positive to negative, and , when the declination passes through its mean value. Hence there is a factor § -A, A being the mean value of the declination.
For declinations less than the mean, the maximum values of the correction are about the hours of transit 0h 0m and 7h 0m. This would give for y the value 3h 30m.
For declinations greater than the mean, the maximum values of the correction would occur nearly when the hour of transit is l h 30m or 7h 30m. This would give for y, 4h 30m; the mean of this and the other value is 4h.
Hence the formula for the above residual quantities will be D (A -fc) sin 2 (p -y) ; where, however, instead of A - §, we may have other functions, as sin A -sin sin9 A -sin9 & . Hence the whole correction for lunar declination appears to be 132 (sin2^ -sin9 A) + D (& -A) sin 2 y), which will be simplified if we put sin2 5 -sin2 A for § -A ; the expression then becomes, an 82J° = 7*5957-Now this sum in the Table is Assuming y = 4h, the following Table represents the table of the residual pheno  menon. T a b l e of the Expression 84 (sin2 A -sin2^) sin 2 (< p -y). This agrees as to its changes of magnitude and sign, and as to the mean of the numbers, with the table of the residual quantities, p. 25. The formula, (sin2 § -sin2 A) {132 + 84 sin 2 (< p -■ 4h)} will therefore express, with considerable accuracy, the general course and average values of the numbers in Mr. L ubbock's Table XIX. But if the correction, instead of being applied to the value of the interval (of tide and transit), had been applied to the interval calculated for declination 0, it is clear the correction would have been {132 + 84 sin 2 (<p -4h) } sin2 & . Mr. L ubbock has given other tables also, from which the mean correction for lunar declination may be collected. His Table XV ., which contains the differences of the intervals of the time of moon's transit and high water from the mean interval, arranged according to the calendar months and to times of the moon's transit, is in fact principally a table of the correction for lunar declination. For by examination of that table, it will be seen that the correction in each month goes through its cycle of 0, +> 0, -j in one semirevolution of the moon ; that is, while the declination passes from its maximum north, to its maximum south, value : and since these results are the mean of nineteen years, the moon will have been nearly as much on the north as on the south of the ecliptic, and the result will be nearly the same as if she had moved in the ecliptic. It may be observed, however, that it appears by what has been shown above, that the corrections increase faster than the declinations; and therefore the corrections due to the high declinations will not be quite balanced by those due to the declinations which correspond to an equal opposite celestial latitude.
It is to be noticed, also, that this Table XV ., being arranged for calendar months, contains the effect of solar declination and parallax as well as of lunar declination. It also contains the effect of the equation of tim e; the times of the moon's transit being given in mean solar time, whereas we suppose the tide to depend on the hourangle of the moon from the sun, that is, on the transit in true solar time. These effects may be eliminated, and the effect of the changes of lunar declination upon the tide-hour may be determined from this table in an approximate manner; but the accu racy of such a determination is necessarily less than that of the one already obtained, and I shall therefore not insert it here.
5.
The Solar Correctiofi.-The sums of the positive and of the negative numbers in each vertical column of Mr. L ubbock's Table XV. would be equal, if the inequality depended on the moon alone, since each column contains the corrections which occur in a half-revolution of the moon. Therefore the difference of these sums is due to a solar inequality, and the mean excess or defect must be subtracted or added in order to obtain the corrections due to the moon. These means are as follow:
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It appears that this correction changes from positive to negative four times in the course of the year, and hence may be approximately represented by m sin 2 -when 0 is the sun's right ascension. But the maximum and minimum values in dif ferent parts of the year are of unequal magnitude and at unequal intervals. This may be reconciled with an expression of the form m sin 2 --f-sin (0 -v); and we might determine m, n , (l, v, so as to make the expression agree nearly with th of observation. In fact, however, this would not be worth while, except we had the empirical law confirmed by the results of observations at other places; for the greatest values of this correction are -4m and + 3m. We here exclude the effects of the equation of time.
It is not difficult to see why the solar correction assumes such a form as this. It includes the corrections due both to the sun's declination and his parallax. The former effect is twice a minimum and twice a maximum in the course of a year ; the latter once only. The two effects are not immediately separated in the tables, because the sun's perigee being nearly stationary, the cycle of changes due to solar parallax and the double cycle of changes due to solar declination coincide.
When the form and amount of the solar correction are more exactly determined, it may be more exactly compared with the theory.
Chap. II.

On the Empirical Laws o f the Height o f High Water.
The same kind of discussion of the observations which has enabled us to obtain approximately the laws of the times of high water, will also give similar information with respect to the h e i g h t s, since these have been observed at the docks, and th results tabulated by Mr. L u b b o c k , in the same way as the others. The heights will be affected in the same way as the tides, by a , by corrections for lunar parallax and d e c l i n a t i o n , and by a correction.
1.
O f the Mean Level o f the Water.-The quantities which are wanted for the comparison of observed heights with the theory, are the total height of the tide, that is, the difference of high and low water. The heights of low water are not given in the London observations, and we have, therefore, only the differences of the high waters to reduce to their laws.
A comparison of these with the theory, supposes the mean level of the water to be constant, that is, the mean of the heights of high and low water to be the same, whatever be the height of the tide. I do not know whether this permanency of the mean level has been verified at the London Docks. It has been ascertained to be true in several other cases, and is probably universal, or at least liable to few and pecu liar exceptions.
This mean level may be determined by the mean of many observations, and is a more fixed and distinct level than any level depending on a smaller number of observations. It is, moreover, free from the irregularities to which levels selected in any other way are exposed. Thus the level of high water, or of low water, at spring tides, or at neap tides, is different according to the different effects of lunar and solar parallax and declination.
I proceed to discuss the variations of the heights of the London tides. Table V ., which gives the heights for every half-hour, mean time, of the moon's transit, taking a mean of the months of the year.
In order to obtain a formula expressing this series of quantities, we observe that the maximum and minimum are nearly when the times of transit are 2b and 8h respectively; that the mean of the extreme heights is 2T1 feet, and the difference of the extremes 3*4 feet. Hence the height may be expressed approximately by the formula 21*1 -f-1*7 cos 2 (< p -30° ). It appears, however, that the maximum and minimum occur a little earlier than 2h and 8h. I shall therefore assume for the height the formula 21*1 -f-1*7 cos (2 < p -51°) ; we shall then have the following comparison with observations. It is evident that this is a first approximation. Also the difference, which is always positive, follows the law of a sine. To show this, subtract from this difference *23, as is done in the last column.
The difference in the last column will be 0 when < p is 0h 30m and 6h 30m nearly, and will, in the course of 6 hours of < p, go through all the values of sin < p. Hence it may be represented bycs in (4 < p -30°), and it is evident that c is nearly *23.
Comparison of the residual Phenomenon of the Semimenstrual Series of Heights, freed of the Terms 21*1 + 1*7 cos (2 < p -51), with the Formula *23 -* It appears from the nature of the still residual differences, that we might bring our formula still nearer to observation; but as the differences do not exceed -J^th of a foot, except in one instance, this exactness would be, in the present state of our knowledge, superfluous.
Hence the mean height in feet of the tide at London Dock is represented by 211 + 17 cos (2 < p -51°) + *23 -*23 sin (4 -30°), or 21*33 + 17 cos (2 < p -51°) -'23 sin (4 < p 30°) where < p is the hour-angle of the moon's transit, mean time.
3 These are very nearly as the differences of the parallax. We shall find that the for mula 17 (p -P) when p is the parallax, and P is will very nearly g sult. It gives, in fact, Hence, applying these corrections with opposite signs to Table XVIII., we obtain the residual phenomenon as follows, in hundredths of feet.
T a b l e XVIII. freed from the Sum 1*7 (p -P). 
0
There is no very manifest rule in this Table. There appear to be many large posi tive terms between the hours 2h30m and 7h, and for parallaxes greater than while the terms for other hours are more generally negative.
But it appears to be better to wait for the examination of other observations than to attempt to found a formula on these circumstances. Table X X . of Mr. L u bbo c k will supply the means of determining the law of the effect of the lunar declination upon the height, being a Table of the heights arranged according to intervals of 3° of declination, and according to the time of the moon's transit. We shall place here the Table, It is clear that these sums decrease faster for the large declinations than for the small ones, and the series is tolerably regular with the expression of the number cor responding to declination 3°, which appears to be affected by some anomaly. If we reject this term, and subtract 629 from each of the terms, we find for This agrees pretty well, except for the smaller numbers, which are obviously irre gular. Hence, if A be the mean declination, we shall have the correction to be applied to the mean sums = 7300 (sin3 A -sin31) ; and the correction to the single terms will be 304 (sin3 A -sin3£).
Correction o f the Heights fo r Lunar Declination.-
If we suppose the mean declination to be 16° 45', as appeared in the correction for the times, 7300 sin3 A = 608, and the corrections are, are the corrections for the single terms of the Table. We shall now apply this correction with a negative sign, in order to consider the law of the residual phenomenon. Though this Table exhibits great anomalies, it appears clear that all the heavy minus terms, and only small positive terms, are in the upper left-hand and lower righthand quarter; and that all the heavy positive terms> and only small negative terms, occur in the upper right-hand and lower left-hand quarters. Also the terms are on the whole larger in the outer than in the inner columns. It appears probable, there fore, that the law from which this proceeds involves a term d (sin2 l -sin2 A) sin 2 <p, which would give such a result; but the coefficient of this term cannot be determined satisfactorily; and hence the effect of declination in the moon is probably of the form (sin2 A -sin2 & ) (7300 -dsin 2 <p). Hence the correction to be applied to the height calculated for declination 0, is -sin2 £ (7300 -d sin 2 <p), or -sin2 l( 7300 -f dc os 2 (<p + 45°)). F
MDCCCXXX1V. THE REV. W.WHEWELL ON THE EMPIRICAL LAWS
We may make a remark with respect to Mr. Lubbock's Tables for the heights, similar to one we made with respect to those for the times. Table XVI., which gives the differences of height for each hour of the moon's transit in the different calendar months, is in reality composed mainly of the effects of the moon's declination. In order to obtain these effects from the Table, we should have to eliminate the effects of the sun (including the effects of the equation of time). By this means we should ob tain a result agreeing in part with that which we have obtained from Table X This, like the solar correction for the time, passes from positive to negative, and from negative to positive, four times in the course of the year, but has its maxima and minima of unequal magnitude, and at unequal intervals. Hence we may, as in the case of the times, express it by m, sin 2 (0 -+ sin {& -v), where 6 is the sun's lon gitude ; and we may account for this form by considering that the former term is the effect of declination, and the latter term the effect of parallax. To this is to be added the effect of the equation of time, in order to obtain the whole of the solar correction.
Recapitulation.
-Hence it appears that the result of the London Dock observations, which we have now examined, may be expressed in the following manner.
If K1 be the corrected establishment, S' the semiinenstrual inequality of the time of high water, P' the correction for lunar parallax, Q' the correction for lunar declination, Q the solar correction, and if < p be the mean time of the moon's transit, we have for the time of high water < p -{-t !-j--f-P' -j--f* Q. In this expression it has appeared that tan 2 s ' = y + T c L (g ( 7 -« ) ; F = 2' 9887 * " = 2 hours' Pf = (P -
h){C + D sin 2 -y)} ; A = 16° 45', C = 132m, D = 84m, y = 4 hours. Q -m sin 2 (<p -f) + n sin (P -v), m,n being small, and their determination here omitted.
In like manner, if l be the height of the mean high water, s' the semimenstrual change, p f the correction due to lunar parallax, the correction due to lunar decli nation, q the solar correction, the height of high water is l + s' + depend necessarily upon the time of the transmission of the tide from one place to another, and therefore to increase as we follow the tide. But it appears that though at Portsmouth this retardation is intermediate between that at Brest and at London, as it might be expected to be from the course of the tide-hours, yet that at Plymouth, where the tide is five or six hours earlier than it is at Portsmouth, the retardation implies a tide as late as London. Leaving, however, these anomalies to be removed or confirmed by the accumulation and discussion of observations, I proceed to the effects of parallax and declination.
1. If from any cause ti receive a small increment l we can easily fin sponding change, £tan 2 (O' -X'), in the first side of equation (1 .). We have
Let ti represent the mean value, and £ ti any deviation from the mean ; and let S' represent the semiinenstrual inequality, that is, the value of O ' freed from effects of declination and parallax. Then tan 2 S '= a; , h ! + n cos 2 (<p -«) ; whence
Now, coeteris paribus, ti is as the cube of the parallax. If, therefore, P be the mean parallax, and p any other,
omitting other terms, because p -P is small.
Hence & ti = 3 t ip-; and when we make this substitution, equation (2.) giv the change in the first side due to the effect of lunar parallax. Since the arc O ' -X' is small, we may put it for its tangent; hence, making the above substitution and calling the effect of lunar parallax P', 0 p r ti_ tan* 2 S'
(p -P) h sin 2 (<p -P h As a first approximation to the general form of the result, we may put ^ sin 2 for tan 2 S', since is a fraction (about one third), and since the general course of the two functions, sin 2 ((f) -u) and tan 2 S', agrees. Hence we should have P = -ft-sin 2 P' = (P -. B sin 2 a ) ;
B being a constant quantity.
The expression which we obtained from observation was P' = (Pp )(B + B sin 2 (p -p ) \ of which the second term agrees in form with the one given by the theory, except that the angle (3 is different from a ; but the first term should not occur according to the theory as hitherto stated.
2. Again, for the effects of lunar declination on the time of high water. If k' be the value of h' when the place of observation and the pole of the lunar tide spheroid are both in the equator, and if s be the difference of declination of the place and the pole in any other situation, we shall have h! -cos' s nearly.
In the course of a tide-day there are two tides, corresponding to two positions of the tidal spheroid; and if l be the latitude of the place, & the declination of the moon, the two corresponding differences of declination will be / -& and -f-& , the pole of the spheroid being supposed to have the same declination as the moon has at the moment of the origin of the tide (that is, when the moon's right ascension was less by a than it is at the moment of the tide).
Then, in the first case,
In the second case, similarly, h! = k' cos* / + \ k' sin 2 ls in 2 In order to find the effect of the declination upon each tide, we should put for $ h! the quantities -J k'sin 2 / sin 2 & -k' cos 2 l sin* i, and + ^ sin 2 -H cos 2 l sin* & respectively.
Thus, according to the theory, the effect of declination on the two tides of the same day should be different. This difference is very much modified by the circumstances in which the actual state of the ocean differs from the theoretical state: the differ ence of the diurnal tides may, however, be detected in the observations at most places of the earth's surface, perhaps at almost all. But there are peculiar circumstances in the port of London which affect this difference, and obliterate i t : the tide at London is composed of two tides, which differ by half a day from each other, and hence the difference of the two semidiurnal tides disappears altogether. Therefore, instead of the effects of declination on the two semidiurnal tides, we must take the mean of these effects, which is -k' cos 2 l sin* Hence if Q' represent the effect of lunar declination on the time of high water, have by equation (2.) (substitutingk'cos tan 2 {& -X f) ),
In this expression we have k1 cos* l for l ii n the value of in considering the effect of solar declination, we should in like manner have k cos91 for A, whence the value of tan 2 S' in equation (1.) would remain unaltered.
Putting, as before, 4 sin 2 (< p -a) for tan 2 S', the equation becomes
. where D is a constant quantity.
In this expression the correction for declination is supposed to be applied to the time of high water, calculated for the moon and the place, both in the equator. But in our tables this correction is applied to the mean place. Let A be the value of the declination at this mean place; then the correction for that case is D sin 2 (<p-y) sin2 A, and therefore, Q' = (sin2 & -sin2 A) D sin 2 -is the correction to be applied to the mean.
The correction according to observation was Q' = (sin2 h -sin2 A) (C + D sin 2 y)). The second term agrees with the theory, except that the arc y is different from a : the first term, C (sin2^ -sin2 A), has nothing corresponding to it in the theory.
3. We now proceed to the theoretical laws which regulate the height of high water. If 6, & be the distance of any place in the equator from the places to which the sun and moon are vertical (these luminaries being supposed to be in the equinoctial), the height of the water at the place will be \ (h cos 2 A) + cos 2 {O ' -X')) above the mean level; and if & be taken the distance of the highest water from then h cos (2 0 -x) -j-cos 2 ($ -V) will be the whole tide, which call y.
Now we have where 6 -\- Hence the variable part of this expression is of the form K cos (2 < p -2 a) -L cos (4 < p -4 a). The expression of the semimenstrual inequality of heights, found from observation, was (in feet) S' = 17 cos (2 < p -51°) -*23 cos (4 -30°), which agrees with the theoretical expression, except as to the values of the arcs which take the place of 2 a and 4 «.
4. To find the effect of lunar parallax on the heights, substitute as before for i h\ in equation (3.), and let p be this effect; then
Here y is the mean height. Therefore p is of the form (p -P) The form as given by observation is {p -P) -j-cos 2 <p), where, however, the existence and constancy of b are doubtful.
5. To find the effect of lunar declination on the heights, substitute for as before, -k'cos 2 l sin2& . We thus find from equation (3.), being the effect,
gl=-» + *co.a (t-A u cos2 i sin*i;
y and referring the correction to the mean declination A, it becomes of the form q1 = (sin2 A -sin2 ^c -f-d cos 2 (<p -a)). The form given by observation was q' = (sin2 A -sin2& ) (c + dcos 2 (£> + 45°)), where, however, d was not determined as to quantity, the observations being too anomalous.
It appears, therefore, that the results of observation and theory for the variations of height agree as to form, with the exception of the epochs a, (3, y.
Chap. IV. Reflexions on the Theory. It would be unsafe to attempt to deduce any general views concerning the laws of the tides from the preceding investigations. It is very unlikely that, the discussion of observations at any one place, and those the very first set which have been syste matically discussed, should exhibit clearly the true principles of the theory: and besides this, it so happens, that the phenomena of the tides at London are in some measure masked by a curious combination of circumstances, namely, by the mouth of its river being on the side of an island, turned away from the side on which the tide comes, and so situated that the path of the tide round one end of the island is just twelve hours longer than round the other. It will require the accumulation and discussion of many large masses of observations, at various places, to put us in firm possession of the laws of the phenomena as given by experience; and this road, whether or not it be the only practicable way of arriving at the tru least that to which, founding our expectations on the past history of science, we may look with most hope. When we consider the enormous accumulation of observed phenomena and empirical laws which preceded the discovery of the true principles of the heavenly motions, we may easily suppose that we are only at the outset of what we have to do, in order to obtain the same success with regard to the tides: and we may, from the same consideration, find additional motives to desire that such obser vations may be made, and such existing observations may be discussed, as may most speedily lead us to a complete and scientific knowledge of the subject.
But though we cannot make our inferences from the preceding investigation with confidence, there are some reflexions concerning the mode in which the forces of the sun and moon manifest themselves in the tides, which are suggested by the compa rison made in the foregoing pages, and which I will venture to state. The confirma tion or refutation of these views must depend on future investigations of the same nature as that contained in this memoir: in the mean time, the views seem fitted to give some additional impulse to the curiosity with which all men of science must now look upon the progress of this subject.
Among the inequalities considered in this memoir, those in which the empirical laws are the clearest and the anomalies the smallest (after the semimenstrual inequa lities,) are the inequalities of the time of high water, depending on the moon's parallax and declination. In these the comparison of the law, from theory and from observa tion, may be stated as follows :
Observation.
Theory.
It will be observed, that in each of these cases observation gives, in P' and Q', a term depending on the parallax and on the declination, (namely, the terms (P -p) B and (sin2 £ -sin2 A) C,) which term is not given by the theory; besides giving another term which coincides with the one given by the theory. The latter term depends on the hour of the moon's transit, and vanishes twice in the course of a semilunation; the former term in each case is independent of the time of the moon's transit, and depends only on the parallax and on the declination. Now P' and Q' are the corrections to which -is subject, where O ' is the hourangle of the tide from the moon. In the theory, X ' is supposed to be constant, so that the variation of O' -X1 alone affects O'. But since 0' = X' + -X), if X were affected by an inequality arising from pa rallax equal to (Pp) A, we should have, taking the theoretical value of the v of 0 ' -X ' due to this cause, and adding it to the value resulting from the common theory, the whole variation of O ' = (P -p) (A + B sin 2 -y)). In like manner, if X' were affected by an inequality equal to (sin2 -sin2 A O' -X ' by the inequality resulting from the theory, we should have for the whole ine quality in 0' arising from declination, (sin2& -sin2 A) {C + D sin 2 (<p -y)}. Now these expressions agree with those which we have obtained from observation, excepting that we have other arcs in the place of the arc a. It appears, therefore, that the empirical laws will be verified by supposing X ' to be affected by inequalities depending upon the parallax and declination of the moon, but having an epoch differ ent from that of the semiinenstrual inequality.
The quantity X ' is the hour-angle by which the lunar tide follows the high water of the lunar spheroid of equilibrium. It appears, therefore, that the physical statement of the result just obtained is this, that the distance at which the actual elevation of the waters follows the position of equilibrium, varies as the parallax and declination of the disturbing luminary vary.
This distance was, in the theory, assumed to be constant; but there is no obvious physical reason why it may not change with changes of the force by which the fluid spheroid of equilibrium is determined. This distance, or , of the pole of the watery spheroid behind the place which it would occupy if the earth and luminary were at rest, is owing to the resistance of the shores and of the parts of the water amongst each other; and its amount is determined by the amount of these resistances. But we are very far from being able to trace the mode in which these causes operate, so as to be entitled to affirm that changes, and even small changes, in the force or velocity of the disturbing body, may not produce corresponding changes in the extent of this lagging.
In fact, there seems to be good reason to suppose, from other circumstances, that the force and velocity of the disturbing body do affect the distance by which the actual elevation lags behind the elevation of equilibrium. For X and X '} the lagging in the case of the solar and of the lunar tide, are quite different; the former (for the London Docks) being 3h 25m, the latter lh 25m *. It is true that this difference of 2h is, in the * See Mr. L ubbock's Memoir, Philosophical Transactions, 1831, p. 387.
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theory, got rid of by supposing the actual tide to be referred to a configuration of the sun and moon anterior by 2 \ days to the configuration at the time of the tide. But since we refer the effects of parallax and declination to the parallax and declination contemporaneous with the tide, we must look for an analogy only when we do the same in the other case.
In the semimenstrual inequality, as determined from observation, there is no such discrepancy with theory as compels us to suppose a change in X'. But this forms no objection to our view; for if, in the course of a semirevolution of the moon, there were a periodical change in X', this must have the same cycle as the change in -X', and would therefore be confounded with that change, and would not result in a separate form from our discussion.
But, moreover, the difference of the quantity of the semimenstrual inequality at different places, which we have already shown to exist, supplies a confirmation of the opinion here put forwards. For this difference implies that the tide travels from one given place to another in different times at different periods of a semilunation; that is, it implies that the velocity of the tide-wave is different in different configura tions of the sun and moon, that is, under different circumstances of the tide-pro ducing forces. And this agrees with our doctrine, that the amount of lagging is different under different circumstances of those forces; for if the amount of lagging of the tide elevation go through a cycle of changes in a certain period, the velocity with which this elevation travels will also go through a cycle of changes in the same period. And this difference of the semimenstrual inequality at different places, does appear to betray a semimenstrual inequality affecting X', the amount of the inequality varying with the place ; and this variation, added to the theoretical semimenstrual inequality which affects O ' -X', and which is the same for all places, empirical semimenstrual inequality of O ',given by our mo thus appears to be different at different places.
Taking all these reflexions into consideration, there appears to be good reason to believe that the amount of the lagging of the tide behind the equilibrium-tide is really affected by changes in the distances and velocities of the disturbing luminaries.
There is another circumstance in which the empirical differ from the theoretical laws: the epochs ( 3, y of the changes due to parallax and declination are di from the epoch a of the semimenstrual inequality.
The physical statement of this result is, that the time required to transmit to any port the general effect of the tide-producing forces, and the time required to transmit to the same port the effects of particular changes in these forces, are different. And of this result we may say, in the same manner as of the former, that we see far too obscurely the causes which determine the amount of this interval in one case, to assert that it must necessarily be the same under different circumstances. But we may illus trate this subject somewhat further. We may suppose an imaginary mean moon, moving uniformly in the equator, at a constant distance from the earth, to produce the mean tide; another auxiliary moon, by moving directly to or from the earth, in the line of the mean moon, to produce the inequality which arises from parallax; another auxiliary moon, by moving north and south in the meridian of the moon to produce the inequality which arises from declination. Now the tides produced by all these moons will require some time for the operation of the forces to take effect; that is, they will correspond to positions of the moon at a time anterior to the actual time. But there seems not to be the smallest reason to conclude that these anterior times will all be anterior by the same interval: the contrary, rather, is obvious. It is clear, for instance, that a tide oscillating in a north and south direction in the Atlantic and Pacific Oceans, will take a different portion of time to obey the forces which produce it, from the general tide which travels from east to west round the earth in virtue of the diurnal motion, and impinges against the broad sides of the great continents. We may therefore expect to find the epochs of all these partial tides different; and as every separate term in the expression of an inequality may be considered as representing a different tide, there will be nothing inconsistent with the best physical notions we can yet form on the subject in finding the epochs of the arguments of every separate term of our formulae different from one another.
It appears, then, that though the equilibrium theory, taken in combination with the preceding considerations, may very probably give us the general form of the terms, and the variable part of the arcs on which they depend, the constant epoch which occurs in each of these arcs, and which determines when the inequality vanishes and reaches its maximum, will probably have to be determined in all cases by observation.
I will observe further, that not only the epochs, but the coefficients of each of these terms will probably have to be determined for the most part from observation. For the tides, though in the theory to which we refer considered as representing positions of equilibrium of a fluid, are in fact the results of its motion ; and it is not at all clear that the elevation which results from the motion will be equal to the elevation which would be requisite for equilibrium. It is true that there must be always a tendency to this equilibrium-elevation so long as the actual elevation is greater or less than th a t; but this tendency may never fully appear in the circumstance of the tide ; since the tide-producing forces have to supply also a residue of force which must be em ployed in producing the motion of the fluid.
Moreover, the motion of the fluid is of the nature of an oscillation, so that series of increasing and diminishing oscillations at intervals of a half-day, a day, and other intervals, pass through any given part of the ocean. Now it is physically, not only possible but certain, that each oscillation in each series is affected by those which precede it in the same series, and affects those which succeed it, so that their relative magnitude is different from what it would otherwise be. And the effects thus pro duced will depend upon the depth of the ocean, the form of its shores, and other causes, of which it is impossible to estimate the result a priori.
Even in the case of the semimenstrual inequality, which in its form agrees so closely with the theory, and which in its amount appears to depend only on the ratio of the forces of the sun and moon, we find that in fact its amount is different at dif ferent places, as we have already stated. We cannot expect, therefore, that the amount of the corrections for parallax and declination will agree very exactly with those from theory; and till the empirical corrections are more certainly and generally determined, I have not thought it worth while to make the comparison. But though there is at present this uncertainty respecting the amount of the in equalities of the tide, I do not conceive that there can be any doubt that the forms of these corrections are such as I have stated them. In the case of the times of high water especially, the general course of the variations of the quantities is as regular as can be expected, and as is requisite for the establishment of our formulae. The heights are much more anomalous; probably they are more affected by winds, &c., than the times a re : and when we reflect that the tide at London may be affected by the operation of causes in a remote part of the ocean, propagating their effect by the progression of the tide-wave, we shall not be surprised at considerable deviations from rule. The trade winds and other winds of the tropical regions may be felt in our tides, and may even affect the means of long series of observations ; for it is to be recollected that the averages which we obtain are not the averages of the effects of the sun and moon alone, but the averages of their effect, together with that of meteorological causes ; and it is very conceivable that the latter average may not vanish in the long run. It is moreover to be observed, that the peculiar circumstances of London, in having a tide compounded of two tides, arriving by different roads after journeys of different lengths, may easily be supposed to give rise to additional chances of irregu larity.
It may not be superfluous to remark, that, independently of such a combination of circumstances, there is nothing in the situation of the port of London to diminish the value of tide observations there. The length and windings of the river by which the tide reaches the port present no objection to the comparison of the observations with theory. These circumstances may modify the tide, but they modify it alike every day, or at least alike at like periods of the tidal cycles, and therefore they introduce no irregularity. Indeed, there are some reasons for believing that the tides in rivers and deep sounds are more regular than those on the open coast; and at any rate, as they are generally larger in such situations, their variations are more observable.
Concluding Observations.
It appears from the preceding investigations and considerations, that the following are now the most important steps from which any great improvement of our know ledge on this subject may be hoped.
Large collections of observations at other places must be discussed in a manner resembling that employed for the London observations by Mr. D e s s i o u . The Brest and the Liverpool observations would be excellent materials for such operations. We must thus ascertain whether the empirical forms of the corrections for parallax and declination, deduced from these, agree with those obtained for London in the pre ceding pages. If they do, the coefficients must be compared with each other and with the theory, in order to determine the most promising mode of pursuing the latter.
The empirical formulae obtained in the preceding pages represent the observations with tolerable exactness; probably they agree with them almost as well as any for mulae would do, and as well as the observations agree with each other. These for mulae might be used in calculating tide tables as readily as any other empirical rules; and the tables so calculated might be compared with observations made at London. Such a comparison, continued long enough, would disclose any additional corrections which may be requisite in this mode of calculating tide tables.
Tide observations are now made at the Katharine Docks, with good apparatus and a judicious system; and, so far as I can judge, with proper care. These will here after form materials for a better discussion of the London tides than the London Dock observations, made in a ruder manner, could allow.
